POLYNOMIAL APPROXIMATION TO HARMONIC AND
ANALYTIC FUNCTIONS: GENERALIZED
CONTINUITY CONDITIONS

BY
J. L. WALSH AND H. MARGARET ELLIOTT()

1. Introduction. Class A*. In the study of approximation to a function
F(0) of the real variable 6 by trigonometric polynomials T,(8) of order =,
Lipschitz conditions of order o (0 <a<1) play a central role, for a necessary
and sufficient condition that F(f) (assumed to have the period 27) can be
uniformly approximated on the interval 0 <0 <27 by trigonometric poly-
nomials T,(6) with the degree of approximation 1/#¢ is that F(f) satisfy a
Lipschitz condition of order a. This proposition is false in the case a=1, and
no requirement on a modulus of continuity is necessary and sufficient in that
case. Recently Zygmund [1](2) has replaced the Lipschitz condition of order
1 by the condition

(1.1) ]F(0+6)+F(0—-.5)-—2F(0)|§M|6],

where M is independent(®) of 8 and §; the class A* is the class of all continuous
Sfunctions FB) of period 2w which satisfy (1.1). Zygmund proves an elegant
and important result:

TueorEM 1.1. A necessary and sufficient condition that a function F(0)
with period 2w can be uniformly approximated by trigonomeiric polynomials
T.(0) with the degree of approximation 1/n is that F(6) belong to A*.

Likewise in the theory of approximation to an analytic function f(z) by
polynomials 7,(z) of degree » in the complex variable 3, Lipschitz conditions
continue to play a central role; if C is an analytic Jordan curve, a necessary
and sufficient condition that f(z) analytic interior to C and continuous in the
corresponding closed region C can be uniformly approximated in C by poly-
nomials 7,(z) with the degree of approximation 1/72¢ (0<a<1) is that f(z)
satisfy in C a Lipschitz condition of order «. Again the case a=1 is known to
be exceptional. It is the primary purpose of the present paper to treat this
case a=1, and to show that the analogue of condition (1.1) provides a neces-
sary and sufficient condition that f(z) can be uniformly approximated in C by
polynomials 7,(z) with the degree of approximation 1/n. Closely related to
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approximation to analytic functions is approximation to harmonic(*) func-
tions by harmonic polynomials; we show that here too condition (1.1) is of
similar importance. The two topics of approximation, to analytic functions
by polynomials in the complex variable and to harmonic functions by har-
monic polynomials, are unified and integrated in a recent paper [Walsh,
Sewell, and Elliott 1]; the methods there developed with suitable modifica-
tion are the chief methods on approximation used in the present paper.

The writers are indebted to Professor Zygmund for having drawn their
attention to the possible application of his results to the problem of ap-
proximation in the complex domain.

We introduce

DEerFINITION 1.1. Let C be a rectifiable Jordan curve, and let k (= 0) be given.
Let the function f(z) be analytic interior to C, continuous in C, and let the kth
derivative f® (2) = F(s) exist on C in the one-dimensional sense, where s denotes
arc-length. Let F(s) be continuous on C and satisfy the condition

(1.2) | F(s+ k) + F(s — k) — 2F(s) | = M| &|;

then f(2) is said to belong to class Z% on C(5).

Of course f(z) indicates the original function f(z). We denote the class Z%
by A A

It follows [Walsh, Sewell, and Elliott 1, Theorem 2.2] that if f(z) E2%
on a rectifiable Jordan curve C whose arc and chord are infinitesimals of the
same order (in the sense that As/Az is uniformly bounded on C) that f®(z)
exists and is continuous on C in the two-dimensional sense.

The behavior of functions of class Z% under differentiation and integration
is immediately verified—the single-valuedness of the indefinite integral of
f(2) on C is a consequence of a general form of Cauchy’s integral theorem—

TueoOREM 1.2. Let C be a rectifiable Jordan curve whose arc and chord are in-
finitesimals of the same order; if f(z) EZ%, k=1, on C then f'(z) EZ% " on C;
if f(2) EZY on C, k=0, then the indefinite integral of f(z) belongs to Z% on C.

To be explicit as to our results, in §2 we study the intrinsic properties of
functions of class Z% on the unit circle, with reference to their real and pure
imaginary parts, and also study the extension of (1.2) to the closed region
lz| =<1. In §3 we study these properties of class Z% on a more general curve
C. In §4 we show for C an analytic Jordan curve that f(2) can be uniformly

(*) In considering a harmonic function or harmonic polynomial the qualification real is
understood. A polynomial in z of degree # is a function of the form Z;.'_o a;z’; a harmonic
polynomial of degree » is the real part of such a function.

(%) It is of course possible in Definition 1.1 to require a condition of form (1.2) on 8%f(z) /ds*
rather than on f¥(z) = F(s). This modification of Definition 1.1 would be, however, no great
advantage in Theorem 4.1, and would be a disadvantage in proving Theorems 4.4 and 4.5.
The two requirements are equivalent if C is sufficiently smooth; compare Theorem 3.6 and its
proof. The letter k will always denote an integer; through Theorem 5.2 we assume £=0.
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approximated in C by polynomials in z of degree » with degree of approxima-
tion 1/#*+! when and only when f(z) €Z% on C. Let G(x, y) denote Green’s
function for the exterior of C with pole at infinity, and let Cz denote the level
curve G(x, y) =log R(>0) exterior to C. In §5 we study the relation between
functions of class Z% on Cg and degree of approximation on C.

We mention for future use other properties of class A*. From Theorem 1.1
Zvgmund proves

THEOREM 1.3. 4 function F(0) of cldss A* satisfies a Lipschitz condition of
arbitrary order a, 0 <a<1.

It is clear that a function F(8) with period 27 which satisfies a Lipschitz
condition of order unity is of class A*.
Zygmund also establishes

THEOREM 1.4. If F(0) belongs to A*, so does the function conjugate to F(f),

Some further properties of class A* are needed in the sequel. The class is
closed under multiplication:

THEOREM 1.5. If the functions F1(0) and Fs(0) belong to class A*, so also does
the product F(0) = F,(0)- F.(0).

The function F(0) is continuous and possesses the period 2r. By Theorem
1.1 there exist trigonometric polynomials T1,(f) and T3.(0) of respective de-
grees n such that for all 6, | Fi(9) "'Tln(o)l <Li/n, IF2(0)—Tzn(0)l <L/n.
The function Fe(f) is bounded, and the polynomials T3,(f) are uniformly
bounded, so we have for all §

| F1(0)F2(8) — F2(0)T1n(6) | < Ls/n, | F2(6)T1a(8) — T1a(0)T2n(6) | < Lo/m,
| F(6) — T1a(8)T2.(6) | < (Ls + Lo)/m.

From the usual formulas for the product of two sines or cosines it follows
that the product T1,(0) T2.(0) is a trigonometric polynomial of order 2z, so
(1.1) follows by Theorem 1.1, and Theorem 1.5 is established.

THEOREM 1.6. If Fi(0) and Fi(0) belong to class A*, and if Fi(0) does not
vanish, the quotient F(0) = F»(0)/F1(0) also belongs to A*.

By Theorem 1.5 it is sufficient to consider the case F.(0) =1. We write

F1(0 + R)F1(0 — h)F.(0 ! : : ]
10 + B)F1(6 — k) 1()[F1(0+ k) + Fi(6— k)  Fy6)

=Fi1(0)F.(6 — k) + F1(0)F1(6 + h) — 2F1(0 + B)F1(6 — k)
= F1(0)[F1(0 + k) + F1(0 — k) — 2F:(9)]
— {[F16 + W)]2+ [Fi(6 — B)]* — 2[F:(0)]2} + [Fi(6 + k) — F1(6 — B) ]2
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Each term of this last member is seen to be in absolute value not greater than
L| h|, where L is suitably chosen: the first term by the hypothesis (1.1) on
F1(0); the second term by Theorem 1.5; the third term by virtue of Theorem
1.3 with a«=1/2. Theorem 1.6 now follows from the boundedness of 1/F;(f).
2. Class Z%. Unit circle. In the definition of class Z% where C is the unit
circle, condition (1.2) is equivalent to an asymptotic condition on f&*+2(z):

THEOREM 2.1. 4 necessary and sufficient condition that f(z) EZ% on l l =1
is that f(z) be analytic in I I <1 and (z=re¥)
(2.1) | f¥D () | = L/(1 — 1), |z] < 1.

Set f®(z) = U(z)+iV(2). If f(3)E2Z% on |z| =1, then U(e®) and V(e¥)
belong to class A*. Hence [Zygmund 1, Theorem 13] we have for 0<r <1

32f(#) (rei®) < 32U (re*®) + 3V (rei®) < L,

962 96?2 96?2 1—7r
Furthermore, f®+2(2) = — (1/32) (9% ® /36 —4i9f® /36). From the boundedness
of f®(z) in |z| <1 we obtain [Sewell 1, Theorem 5.2.4] |3f® (re®)/30|
<L./(1—r). Hence we have
]f"‘“)(z)] S L+ Ly)/r*(1 — 1), 0<r<1;
| 7D (3) | < Ly/(1 — 1), 0<r<1.

(2.2)

Conversely, suppose f(2) is analytic in I <1 and that inequality (2.1)
is satisfied. Inequality (2.1) implies ] fED(2)| =Ly/(1—7), r<1. Thus from
the equation 0% ®/902= —z2f(*+2(g) —gf*+1(z), we obtain Iazf<'=>/602[
<L;/(1—7r). The sufficiency of condition (2.1) follows from Zygmund [1,
Theorem 13 ] applied to 92U/36% and 92V/962.

We make now

DEFINITION 2.1. Let s denote arc-length measured along a rectifiable Jordan
curve C. The function u(2) is said to belong to class Z¥ on C if u(z) is harmonic
interior to C, continuous in C, and 0%u/ds* = U(s) exists, is continuous on C, and
satisfies on C the condition

| UGs+ b)) + U(s — b) — 2U(s)| < L| &|.
We denote the class Z° by Z.
To relate the classes Z* and Z% for the case that C is the unit circle we
prove

THEOREM 2.2. A necessary and sufficient condition that f(z) =u(z)+1v(z)
belong to class Z% on | 3| =1 is that u(z) belong to class Z* on |z| =1.

For k=0, the necessity of the condition is immediate, by separation of
f(2) into real and pure imaginary parts. In proving the sufficiency, it follows
from Theorem 1.3 that u(z) satisfies a Lipschitz condition of order a, 0 <a <1,
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on |z| =1, then from a well known theorem due to Privaloff that v(z) is con-
tinuous(®) in Izl =<1, and finally from Theorem 1.4 that v(z) ©A* on |z| =1;
thus f(2) EZ4.

For £=1, the necessity of the condition follows at once from the equa-
tion (%) 6"14(2)/60"=§R[Zf=1 ¢;zifD(z) ], lzl =1, where the ¢; are constants,
since [Walsh, Sewell, and Elliott 1, Theorem 2.1] f(2), 0<j<k—1, satisfies
a Lipschitz condition of order unity on |z| =1. The function 8*»/d* is conju-
gate to 0%u/d0%; thus if #&Z* on Izl =1, then v&Z* on lzl =1. Hence the
sufficiency follows from the equation f®(z) =z7* >y di(9if/967), Izl =1, the
d; being constants, since d7f/007, 0=j=<k—1, satisfies a Lipschitz condition
of order unity.

For the unit circle condition (1.2) is equivalent to the corresponding con-
dition in the closed region:

TuEOREM 2.3. Let f(2) be analytic interior to v: [zl =1 and continuous on
7. A necessary and sufficient condition that f(3) EZ4 on 7y is

(2.3) |1 + &) = 2flc+0)/2]| s L]z —¢], |2]=s1, [¢] st

To prove the necessity of the condition we establish (2.3) first for both
zand ¢ on v:

FE#D) + f(e4) = 2f(ei cos 6) 1

sin
- F(e5t0) - feit#=0) — 2f(ei?) 0
= [’} sin 6
e®) — f(e*® cos 6 (/]
VG Rt (G LN U P
0 sin 0

here we make the choice 0=<60=<w/2, which implies the general inequality
2|0| <|sin 6|, and we make use of (1.2); by Theorem 1.3, f(z) satisfies on v
a Lipschitz condition of order 3/4, so [Sewell 1, Theorem 1.2.7] f(z) also
satisfies a Lipschitz condition of order 3/4 in :
| f(ei®) — f(e cos 6) | < My| 1 — cos 8 |3/* = M,[2 sin? (§/2)]3/4
< 2‘3/4M1| 0]3/2_

We next establish (2.3) for { fixed on v but z interior to v. The function

@) + &) — 2f[(z + ©)/2]
z—¢

() If two functions are conjugate in a region and continuous in the corresponding closed
region, we say that the functions are conjugate in the closed region.

(") R[F(2)] denotes the real part of F(z); 3[F(z)] denotes the imaginary part of F(z) di-
vided by 7.

Fi(z) =




188 J. L. WALSH AND H. MARGARET ELLIOTT [March

is analytic for |2| <1, and continuous for |z| =1 except for z=¢{. This func-
tion is bounded for z on v, as we have just shown, except that Fy({) is not
defined. By the Lipschitz condition of order @ (0 <a<1) on f(2) in ¥ we have
(2] <1

[ f@) = flGe+ /21| < Li|z = ¢ |-,
@) = fle+ /2] S Lilz—¢lo | Fe()| S Lo] 2 — ¢

It is a consequence of this last inequality and the Phragmén-Lindelsf prin-
ciple [for example, Nevanlinna 1, p. 43] that a bound of F(z) for z on v
(z7#¢) is also a bound for 2 in ¥; this bound (say B) can be chosen to be inde-
pendent of ¢.

To continue the proof of Theorem 2.3 we consider F;(z) for z fixed interior
to v; then F(2) is an analytic function of { for { interior to v, even in the point
¢ =z if suitably defined there; moreover F;(z2) is continuous for { in¥. We have
just proved IF;(z)| =B for { on v, so this same inequality is valid for { in
%, and this completes the proof of the necessity of condition (2.3).

Conversely, if condition (2.3) is satisfied, then f(2) €Z4 on v, for

JE#4) + (o) — 2f(c%)

0
- f(e¥#F0) 4 f(ei#=8) — 2f(ei cos 0) || sin 6
= sin 0 0
L] = j(;(e"" cos o), <

the inequality [ (sin 6) /0] =<1 together with the hypothesis implies the
boundedness of the first term in the second member; from (2.3) it follows that
f(re*®) satisfies a*condition of form (1.2) on 0=7=1, and hence by Theorem
1.3 (see below) the function f(re*¢) satisfies a Lipschitz condition of order 3/4
in r; we note on examining Zygmund'’s proof of Theorem 1.3 that the constant
involved in the Lipschitz condition may be chosen to be independent of ¢;
thus

| f(ei#) — f(ei® cos 6) | = M| 1 — cos 9|3/ < M| 6|32

Hence Theorem 2.3 is established.

This application of Theorem 1.3, to show that f(rei#) satisfies a Lipschitz
condition in 7, involves the as yet unproved fact that if a continuous function
F(9) satisfies condition (1.1) uniformly on 0 =<6 =0,, then F(f) satisfies there
a Lipschitz condition of arbitrary order a (0 <a<1). In the proof we assume
0o=1, F(0) = F(w) =0; this involves no loss of generality, for hypothesis and
conclusion are not effectively altered if we add to F(6) a suitable linear func-
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tion of . We introduce the definition F(—60)=—F(0), 050=w. Given
0<0=m/2,0=<6=7/2,0=0, we have by (1.1) and the equation F(0)=0,

| F(6 — 6) + F(5 + 6) — 2F(8) | < M8,

| F(26 — 20) — 2F(6 — 0) | < M(5 — 0),
| F(26) — 2F(8) | < Mo,
| —F(26) — F(25 — 20) + 2F(3) | < M | 6 — 26,

whence by the equation F(6—0)= — F(0—9),
(2.4) |FO+6) +FO—38) —2F0O)| < M[20+ (6 —6) + |5 —20] ].

In the case 20 <4, the second member of (2.4) reduces to M (26 —8), which is
not greater than 2M3§; in the case § <8 <20 the second member of (2.4) re-
duces to 3M48, which is not greater than 3M$. Thus the extended F(0) satisfies
in the interval —w <0 <7 a condition of form (1.1) with M replaced by 3M,
for 0 <6 <7/2. It then follows readily that if F(0) is further extended so as to
possess the period 2w, this final F(6) is of class A*; Theorem 1.3 applies. Inci-
dentally, it follows now by addition of a suitable broken-line function of
class A* that the original F(0) defined merely in the interval 0 <0 <m but with-
out assuming F(0) = F(mw) =0 can be extended so as to be of class A*.

Zygmund [1, p. 64] relates condition (1.2) to higher differences. From his
results we may conclude: Let f(z) be analytic in |3| <1 and continuous in
|2| £1. A necessary and sufficient condition that f(z) EZ% on |2| =1 is that

|F[0+ (k+ 2)h] — Caya P[0+ (k+ D]+ - - - + (=1)*2F@6) | S L| b[F+,

where f(e?) = F(0).

From Theorems 1.5 and 1.6 it follows directly that when C is the unit
circle the class Z4 is closed under multiplication and is closed under division
by nonvanishing functions; we do not emphasize these results here, for they
apply (Theorem 3.3) also to more general Jordan curves C.

3. Class Z%. More general curves. We establish in this section properties
of functions which belong to the class Z4 on a curve more general than the
unit circle.

THEOREM 3.1. In Definition 1.1, inequality (1.2) is equivalent to the inequality
@3.1) | F(s + m) + F(s — hs) — 2F(s)| < M1 Iu],

for all by and he with | hy—he| * < La.| |, 0<a <1, where My and Lq are suitably
chosen.

Condition (1.2) is an obvious consequence of (3.1), even if we assume (3.1)
merely for a single value of a; we proceed to show that if & and L, are given,
then M; depending on L, exists so that (1.2) implies (3.1) if | by —h2|* < La| 1.
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It follows from Theorem 1.3 and (1.2) that F(s) satisfies on C a Lipschitz con-
dition of order a: | F(s;) — F(ss) | < Mu| s1—s2| %, whence | F(s —hs) — F(s —hy) |
< M| hi—ha| . We have
| F(s + k1) + F(s — hs) — 2F(s) |
< |F(s+ b)) + F(s — 1) — 2F(s) | + | F(s — hs) — F(s — hy)|
S M| |+ LMo ],

so (3.1) follows if we choose My=M+L.M,.
We study next the invariance of (1.2) under transformation:

THEOREM 3.2. Let f(x), continuous and periodic with period a, satisfy a
condition of form (1.2). Set f(x) = F(y), where x =x(y) is a one-to-one transforma-
tion of the interval 0 <y =<b onto the interval 0 <x Za for which x’(y) exists and
satisfies a Lipschitz condition of some positive order o.. We assume x(0) =0,
x(y+b8) =x(y)+a. Then F(y) satisfies a condition of form (1.2) with respect to y.

We write
lli(y__l 1+ F(y—h) — 2F(y)| _|flsty + B + flsty — B] = 2f[=(]
h h

2 s + B+ flaly = B] = 2f([s(y + B) + =(y = B]/2)
N [x(y + ) — x(y — B)]/2
x(y+ k) — x(y — h)

2k
=y + 1) + 2y — B]/2) — fl=(»)] .
h

3.2)

+ 2

Since x’(y) is continuous, x(y) satisfies a Lipschitz condition of order
unity; hence it follows from the hypothesis on f(x) that the first term in the
last member of (3.2) is bounded. Furthermore, f(x) satisfies by Theorem 1.3 a
Lipschitz condition of order 1/(1+a). Thus (we use the Lipschitz condition
on x'(s))

fUx(y + B) + 2(y — B)1/2) — f[=(]
h

| 2(y + k) + 2(y — k) — 2a(y) [V O+
| 1]

IA

L

L vhh 1/(1+a)
= 'I-—hTf [#() — (¢ — h)]d¢ = LL,.
Y

Hence Theorem 3.2 follows.
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Since f(x) satisfies a Lipschitz condition of order (24«)/(2+42a) we obtain
similarly: In addition to the hypothesis of Theorem 3.2 suppose [f(x-+h)
+f(x—h) —2f(x)]/h approaches zero uniformly as h approaches zero. Then
[F(y+h)+ F(y—h) —2F(y)/h approaches zero uniformly as h approaches zero.

The class Z4 is closed under multiplication, and under division by a non-
vanishing function of the class:

TuEOREM 3.3. Let C be a rectifiable Jordan curve. Suppose f(z) and g(2)
belong to the class Z4 on C. Then Fi(2) =f(3)-g(2) belongs to the class Z4 on C.
Furthermore, if f(3) #0 in C, then Fa(z) = [g(2)/f(2) ] belongs to the class Z4 on C.

The analyticity interior to C and continuity in C of Fi(z) and Fa(z) are
clear. That Fi(z) and F(2), when expressed as functions of arc-length s, satisfy
a condition of form (1.2) follows from Theorems 1.5 and 1.6.

Let C be a Jordan curve lying in the z-plane and let z=x(w) map I'wl <1
one-to-one and conformally onto the interior of C. With this notation we in-
troduce

DEFINITION 3.1. 4 curve C is said to be of Type G if C is a Jordan curve such
that x'(w) exists, 1s different from zero, and satisfies a Lipschitz condition of some
positive order e on |w| =1.

Definition 3.1 is independent of the particular mapping function x(w)
chosen.

The class Z% is invariant under suitable conformal transformation:

THEOREM 3.4. Let C be a curve of Type G; suppose x(w) EZ% on |w| =1.
If f(2) EZY% on C, then F(w)EZY on |w| =1, where F(w)=f[x(w)]. Conversely,
if F(w)EZY on |w| =1, then f(2) EZ% on C.

Set w=re?; let s denote arc-length measured along C; let s=s(f#), 0=0(s).
Since ds(8)/d8=|x'(w)| and df(s)/ds=1/|x'(w)|, from the hypothesis on C
it follows that s’(f) and 8’(s) exist and satisfy a Lipschitz condition of some
positive order a. Hence for the case k=0, Theorem 3.4 is an immediate conse-
quence of Theorem 3.2.

Suppose k=1. Let f(z)€Z4% on C. By Theorem 3.2 the function
d¥f[x(e®)]/dz* satisfies a condition of form (1.2) in 6. From the uniform
boundedness on C of I f(")(z)| and the hypothesis on C we infer that f@(z),
0<j=<k-—1, satisfies on |w| =1 a Lipschitz condition in 6 of order unity and
hence a condition in @ of form (1.2); for example we have with z;=x(e%):

| fE=1(gy) — fOD(z5) | < fzzlf(k)(z)l ds

21

[}
=M llx'(w)]de < MM,| 6, — 6:].
02

The first half of Theorem 3.4 now follows from Theorem 3.3 and the equations
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F'(w) = f'(2) x'(w),
F'(w) = (&) [x'(w)]* + f'(2) - X" (w),

................

The proof for 2=1 of the second part of Theorem 3.4 is analogous and will
be omitted.

We next extend Theorem 2.1. Let w=Q(2) be the function inverse to
z=x(w). Let C, denote the curve [Q(z)l =7, 0<r<1, interior to C.

THEOREM 3.5. Let C be a curve of Type G. A necessary and sufficient condi-
tion that f(2) EZ% on C is that f(z) be analytic interior to C and

(3.3) | f0i) | < L/ — ), zonCn0<r<l1,

Set d*f[x(w)]/dz*= F(w); suppose w=re®. If f(z)EZ% on C then by
Theorem 3.4, F(w)&EZ4 on |w[ =1. Hence by Theorem 2.1 we have ] F"(w){
SM/(1—r). It follows that |F'(w)| SMi+M|log (1—7r)| < M(1—1)"",
where « is the constant of Definition 3.1. Furthermore, by a result due to
Hardy and Littlewood [see, for example, Sewell 1, Theorem 1.2.1] we have
Ix' ! (w)I S M;(1—r)el, Thus (3.3) follows from the equation f*+2(z)
=F""(w) [x'(w) ]2 = F'(w)x""(w) [x'(w) ] .

Now suppose (3.3) is satisfied; for z on C, we have

|10@) | < | fen @] + [ ] 709@) || d]

x(0)
s+ 2 T1xGen| /1 - o)lap

S Lyflog (1 —n)| S L(1 — )™=

From the equation F’/(w) =f%+(g) [x'(w) |2+f%+D(z)x""(w), |w| <1, it thus

follows that |F’ ! ('w)l <L;/(1—7r). Hence by Theorem 2.1 we have F(w)EZ4

on |'w[ =1, and by Theorem 3.4 we have f®(z) €Z4 on C; thus f(z) €Z% on C.
We consider next the relation between the classes Z* and Z%.

THEOREM 3.6. Let C be an analytic Jordan curve. A necessary and sufficient
condition that f(z) =u(z)+iv(z) belong to class Z% on C is that u(2) belong to
class Z* on C.

Suppose k& =0. The necessity of the condition is then obvious. Conversely,
if #(z)EZ on C, it follows from Theorem 3.2 that u[x(w)]€Z on |w| =1.
Hence by Theorem 2.2, f[x(w)]EZ4 on |wl =1, and thus by Theorem 3.2,
f(z) €EZ40on C.

Now suppose k=1. Let the equation of C in terms of arc-length s be
z=7(s). If f(3)E€Z4 on C, then all the functions f@(z) and 7G+D(s)
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(j=0,1, - - -, k—1) satisfy a Lipschitz condition in s of order unity and hence
a condition of form (1.2) on C. Thus from the equations
of
— =170,
as
azf

- [ () ]2+ f(=)-7"(s),
S

..............

and from Theorem 3.3 it follows that d*f/ds*, and hence d*u/ds*, satisfies a
condition of form (1.2).

Conversely, if u(z) €Z*, k=1, then by Theorem 3.2, 8%« [x(w) ]/ds*EZ on
|w| =1. Hence from the equations

ou du ds
90 9s do
?u 3 fds\* Odu di
55=3§(7i§) o5 do*

............

we obtain %(3) €Z* on I'wl =1. Thus by Theorem 2.2 it follows that f[x(w)]
€274 on |w| =1; application of Theorem 3.4 completes the proof.

We note that the proof of Theorem 3.6 requires much less than the an-
alyticity of C. Itis sufficient that C be of Type G and that 7®(s), d*s/df* be
continuous and satisfy a condition of form (1.2).

THEOREM 3.7. Let C be a curve of Type G; let f(2) EZ4 on C. Then if 21, 2,,
and (z1+22)/2 lie in C we have

f@@1) + f(z2) — 2f[(21 + 22)/2]

21 — 22
Set flx(w)] = F(w); 2 =x(wx). If 21, 22, and (z1+22)/2 lie in C, we have
f(z1) + f(z2) — 2f[(z, + Zz)/Z]

21 — 22

B

Wy — W2

. {‘F(wl) + F(ws) — 2F[(w1 + w1)/2]

w1 — W

21 — 22

n Zlf[(zl + 22)/2] — fIx((w1 + w2)/2)] } .

Wy — W2

From the hypothesis on C we have |w1—'w2| / | zl—zgl <L,; by Theorems 3.4
and 2.3 the first term in the braces is bounded; by Theorem 1.3 the function
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f(2) satisfies on C a Lipschitz condition in s and hence in z of order 1/(1+«),
where a is the constant of Definition 3.1; then [Sewell 1, Theorem 1.2.7] the
function f(z) satisfies a Lipschitz condition of order 1/(1+a) in C. Hence the
second term in braces is not greater than

Ly |x(w1) + x(ws) — 2x[(w01 + wa)/2] [0/ | wy — wy].
But

| x(w1) + x(w2) — 2x[(w1 + w2)/2] |
gf”’ [X© — X[t — (w2 — wp)/2] || |
(wy+wg) /2

wo
M [T Jw— e
(w1twg)/2
Theorem 3.7 now follows.

In the converse direction we prove

IIA
IA

le wy — flvzll"'“i

THEOREM 3.8. Let C be a Jordan curve with equation z=1(s), where s denotes
arc-length measured along C. Suppose v'(s) exists and satisfies a Lipschitz con-
dition of order unity. Let f(z) be analytic interior to C and continuous in C.
Suppose

2 22) — 2f|(21 + 22)/2
(3.4) f(z1) + f(22) f(21 + 22)/2] <1
21 — 22

provided 21, 2;, and (z1+22)/2 lie in C. Then f(2)EZ4 on C.

Let M>1 be a constant such that ]1"(51) —r’(sa)| éMl 51—52| . Let w(s)
denote the angle which the positively directed tangent to C at z2=7(s) makes
with the x-axis. Then w(s) satisfies a Lipschitz condition of order unity in s,
for we have l'r’(s)| =1, w(s)=—1 log 7'(s), and hence if |Asl S1/2M we
have

| (s + As) — w(s)| = |logw
7'(s)
(s + As) — 7'(s) 17(s + As) — 7(s)
= (s) .[1 Tz 7' (s) e ]

M|aAs| 3 1/n21 < 2M | As|.

n=1
Hence it follows [Seidel 1, p. 217] that there exists a constant 8o, 0<8 =1,
such that through each point P of C there is a circle tangent to C at P with
radius 8o, whose closed interior lies in C. It is clearly sufficient to prove in-
equality (1.2) for % sufficiently small. We henceforth assume 0=k <80/4M.

IIA
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The point ¢ on the inner normal to C at 7(s) which is such thatl ¢—1(s) | =9
is {=7(s)+1in7'(s). Set a,=7(s—h)+u2Mhir'(s—h), b.=7(s)+u2Mhir'(s),
¢u=7(s+h) +u2Mhir'(s+h), where p=0, 1, 2. The circle I'; |z—bs| =4Mh is
tangent to C at 7(s) and lies in C. The points a1, as, ¢, and ¢g lie in T for

]dl—bzl éldl—azl-l‘]dz—bzl
S2Mh+|1(s) — 7(s — )| + 4MR| 7' (s) — 7'(s — k)| < 4M,
lcl—b2l §161—62]+162—bzl
SoMh+|1(s) — 7(s+ B) | + 4ME| 2'(s) — /(s + k) | < 4M,
since 4Mh =1.

Hence we have

| flz(s + W] + flrts = W] = 2/[r(9)]]
= | f(co) + f(aa) = 2/(d0) | = | fleo) + flew) — 2f(er) |

+ | f(ao) + f(az) — 2f(ar) | + | f(as) + f(c2) — 2f[(as + ¢2)/2] ]

+ 2| f(a) + fle) = 2f[(ar + e1)/2] | + 2] f(Ba) + f(Bo) — 2/(B) |

+ 2] f(8) — fl(as + /2] | + 4] 7B) — fl(ar + ¢0)/2]].
The first three terms of the last member are by hypothesis each not greater
than 4L M#; the fourth and fifth terms are each not greater than 8L Mk. By
Theorems 1.3 and 2.3 the function f(2) satisfies a Lipschitz condition of order
3/4 in the closed region |z— [r(s)+48;7’(s)]| <&. The Lipschitz constant

here can be chosen to be independent of s; compare Zygmund’s proof of
Theorem 1.3. Hence we have

| 702) = fl(az + ¢2)/2]| < Ms| b2 — (a2 + c2)/2 %4,
| fB1) = fl(ar + ¢1)/2]| < M| by — (a1 + 1) /2|4

Furthermore,

2| by — (a2 + c2)/2] S| (s + b) + (s — k) — 27(s) |
+4Mu[| 7)) = 7+ B+ |7 = B = 7©)]]

s+h
< f | () = 7 (s — k)| ds + 8M2h? < OM?2R?;

2] by — (a1 4 ¢1)/2| < SM2h2

The theorem follows.

4. Problem «. If C consists of a finite number of mutually exterior recti-
fiable Jordan curves, we say u(z) €E2*[f(s) €24 ] on C if u(z) E2*[f(z) €2%]
on each component of C; we denote by C the sum of the closed interiors of
these curves. Problem « here is the study of polynomial approximation on C
to functions which belong to classes Z* and Z% on C.
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THEOREM 4.1. Let C consist of a finite number of mutually exterior analytic
Jordan curves. Let u(z) EZ* on C. Set f(2) =u(z)+1v(z) where v(2) s conjugate
to u(2). Then there exist polynomials w,(z) in 2z such that

| f) = ma() | < L/n*41, zonC.

Here and subsequently we write “there exist polynomials” rather than
“for each n, n=1, 2, - - -, there exists a polynomial of degree #.” The degree
of a polynomial w,(2), p.(2), or g.(2) will always be indicated by its subscript.

By Theorem 3.6, f(z) €Z% on C. Let C consist of the mutually exterior
curves I',, v=1, - - - | \; let z2=x,(w) map 'w] <1 onto the interior of T,.
Then by Theorem 3.4, f[x,(w)]|€2% on |w| =1. If w=re¥, it follows that
9% [x,(w) ] /06* satisfies a condition of form (1.1) on |w| =1. The results of
Zygmund [1, Theorem 7 and §5] together with a method used by Walsh,
Sewell, and Elliott [1, Theorem 8.1] now yield the desired conclusion.

In the study of the converse problem we use the following definition:

DEFINITION 4.1. A curve C is said to be of Type D if

(1) C is a rectifiable Jordan curve whose arc and chord are infinitesimals of
the same order; and

(ii) there exists a number 6o>0 such that if P is any point of C, there is a
circle of radius 8o through P whose closed interior lies in C.

We shall need the following two theorems [Walsh, Sewell, and Elliott 1,
Theorems 7.2, 7.4], of which the first is essentially due to Szego:

THEOREM 4.2. Let C be a curve of Type D. Let 7,(3) be a polynomsial in z of
degree n. If |R[ma(2)]| <K, 3 on C, then |7}(z)| <Kn/d, 2 on T, where &, is
the constant which occurs in Definition 4.1.

THEOREM 4.3. Under the hypothesis of Theorem 4.2 we have
| Ta(z1) = ma(22) | < LKn| 21 — 2], 31, 22 on C,
where L depends only on C.
As a converse to Theorem 4.1 we prove

THEOREM 4.4. Let C be a curve both of Type D and of Type G. Let u(z) be
defined in C; suppose there exist harmonic polynomials pa(3) such that

4.1) | #(z) = paz) | < L/n*, zonC.
Set f(z) =u(2) +1v(z), where v(z) is conjugate to u(z). Then f(z) EZ% on C.

Let 20 be a point interior to C. Set 7,(2) =p.(2) +1¢.(2), where g.(2) is
conjugate to pn(2), g.(20) =v(20).
Consider first the case k=0. From (4.1) we obtain

(4.2) | pmsr(z) — pam(3) | < 2L/27, zonC.
Set gm(2) =mwem*+1(z) —wom(2). By (4.2) and Theorem 4.2 we have
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4.3) ] gn(2) l < L, zonC.

Suppose C has the equation z=7(s), where s denotes arc-length measured
along C. Then from (4.3) and Theorem 4.3 we obtain

[ gnlr(s + B)] + gulr(s — B)] = 2gu[r(s)]]

8+h , ,
(4.49) §j: | gnlr(©)] — gmlrc — B)]| ¢

s+h
< Limh f [ 7€) = 7(¢ — k)| df < La2™+1h2,
We write by virtue of (4.1)°

m ©
(@) = pas) + 2 [prn(®) = pr @]+ 2 [pora(a) — ()],
m=1 m=p+1
where p is a positive integer to be determined later. We have | ps(z)| SLs, 2
on C; hence by Theorem 4.3

| malr(s + )] + ms[r(s — B)] — 2m[7(5)]]
< | mlrs + 0] = m[r©)]] + | mlrs = B] = mlr()]]
S L| (s + k) — ()| + Lg| 7(s — B) — 7(s) | < L, | &]|.
From (4.5), (4.4), and (4.2) respectively we thus obtain

[ulr(s + W] + u[r(s = B)] = 2u[r(s)] |

N 0
(4.6) S Ly| h| + Lsh2)_ 2m+1 + 8L 3 2

m=1 m=p+1

S Ly| k| + Lg2#+1k% 4 Ly/2+%1.

Let , 0<k <1/2, be arbitrary but fixed. Choose u such that 2#~! Sk <27#; it
follows that #(z)E€Z on C.

Hence by the remark following Theorem 3.6, f(z) €Z4 on C, which com-
pletes the proof for the case k=0.

Suppose now k=1. Then [Walsh, Sewell, and Elliott 1, Theorem 8.3]
inequality (4.1) implies |f®(z) —7$(z)| <M/n, z on C. Theorem 4.4 now
follows for k=1 by the case k=0 just established.

If in Theorem 4.4 we assume the existence of polynomials in z which ap-
proximate to f(z) with a degree 1/n*+1, then the conclusion may be estab-
lished without requiring that C be of Type G:

THEOREM 4.5. Let C be a curve of Type D. Let f(2) be defined in C; suppose
there exist polynomials w.(3) in z such that

| 1) — ma(z) | < L/n+, zonC.

(4.5)
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Then f(z) EZ% on C.

We write

m 0
J@) = m(2) + 20 gn(a) + 22 gn(2).
m=1 m=p+1
Inequalities (4.4) and (4.5) were established without using the hypothesis
that C be of Type G. We have Ig,,.(z)l <2L/2m. The conclusion follows from
the analogue of (4.6).

5. Problem (. Let C consist of a finite number of mutually exterior
Jordan curves. Let w=¢(z), with inverse z=y(w), map the complement of C
conformally (not necessarily uniformly) onto |w| >1 so that the points at
infinity in the two planes correspond to each other. Denote by Cr the locus
|¢(z)| =R>1 lying exterior to C. In Problem 8 we study polynomlal ap-
proximation on C to functions which belong to classes Z*, Z%, and related
classes on Cgr, R>1. We shall use

DEFINITION 5.1. A contour is a point set C consisting of the mutually exterior
Jordan curves Ci, Ce, - -+, C\ having the properties

(i) each C; has a tangent at every point;

(ii) the function

5.1) log ¥(w) — ¢(w') !

w— w

for each possible definition of Y (w) and Y(w’) is locally bounded in the two-dimen-
stonal sense for |w| =1 and Iw’ | =1 in a neighborhood of each point of con-
tinuity of Y (w);

(iii) the function (5.1) satisfies, on each arc v; of v: |'w| =1 corresponding
to a curve C; of C, a Lipschitz condition of order unity in w, uniformly with
respect to w’' on any closed arc of l'w' I =1 <nterior to a y.

We establish

TueorEM 5.1. Let C and Cgr, R>1, be contours. Let u(z) EZ* on Cg. Set
f(2) =u(2) +1v(z), where v(z) is conjugate to u(z). Then there exist polynomials
m,.(2) such that

| /(z) — ma(2) | < L/n*1R", zonC.

The conclusion of Theorem 5.1 has been established [Walsh, Sewell, and
Elliott 1, Theorem 10.1] under the stronger hypothesis that d*u/ds* satisfies
a Lipschitz condition of order unity on C. The proof given there is valid for
the present theorem if in place of Theorem 8.1 [of Walsh, Sewell, and Elliott
1] we apply Theorem 4.1 of the present paper.

We shall use also the following definition [Walsh, Sewell, and Elliott 1,

§9]:
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DEFINITION 5.2. A curve C is said to be of Type B if C is a rectifiable Jordan
curve such that for some q>0 the integral [c[0g(z0, 3)/9v]~%ds exists, where
g(20, 2) s Green's function for the interior of C with pole at the point 2o, and v is
the inner normal.

This requirement on g(2o, 2) is independent of z,.

As a converse to Theorem 5.1 we prove(®)

THEOREM 5.2. Let C be a curve of Type B; suppose that u(z) is defined on C-
Let harmonic polynomials p,(2) exist such that

| u(z) — pa(z) | £ M/n*+2R", zon C,R> 1.
Set f(2) =u(z) +1v(z), where v(3) is conjugate to u(z). Then f(2) EZ% on Cr.

By a method previously used [Walsh, Sewell, and Elliott 1, Theorem 10.3]
we obtain

]f(z) — mn(2) l < My/nkH, z on Cg,

where 7,(3) =p.(2) +1¢.(2), g.(2) a suitable conjugate of p.(z). Theorem 5.2
now follows from Theorem 4.4.

By the use of properties of functions due to Hardy and Littlewood, Walsh
and Sewell [1] introduce a category of classes defined for all integers p, posi-
tive, negative, or zero, of functions analytic interior to v: I'wl =1. The func-
tion f(2) is said to belong to the class L(p, 1) on v (p <0) if and only if f(2) is
analytic interior to v and

| fre®) | = M(1 — r)#H, 0<r<1;

the function f(z) is said to belong to the class L’(p, 1) on ¥ (p=—1) if and
only if f(2) is analytic interior to v and f®+2(z) €L(—2, 1). Thus by Theorem
2.1 the classes Z% and L’'(p, 1) are identical, p=0. If f(z)&L'(p, 1), =0,
then (loc. cit.) f®+2+# (2) is of class L(—2—k, 1), and the kth indefinite integral
of f(2) is of class L’(p+k, 1). That is to say, we have a sequence of classes
,L(=3,1),L(—2,1), L'(—1, 1), L'(0,1)=Z4, L'(1, 1)=2}, - - - ; for
a function which belongs to any of these classes on v, the derivative belongs
to the next lower class and the indefinite integral to the next higher class.
These classes are extended to more general curves by conformal mapping.
Let C be a Jordan curve and let z=x(w) map |w| <1 onto the interior of C.
The function f(2) is said to be of class L(p, 1), #<0, or L'(—1, 1) on C if
flx(w)] is of class L(p, 1) or L’(—1, 1), respectively, on |w| =1; f(2) is said
to be of class L'(p, 1), p=0, on Cif f(2) is of class Z% on C. Walsh and Sewell
[1] define the class L’(p, 1), p= —1, only for C an analytic Jordan curve; in

(8) Here and in following similar situations we assume that if %(z) or f(z) is not originally
supposed to be defined on the entire point set considered, the supplementary definition is to be
made by means of the convergent series of polynomials, which is equivalent to defining #(z) by
harmonic continuation and f(z) by analytic continuation.
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this case the equivalence of the definition of L’(p, 1), p=0, given there,
and the definition given here, is a consequence of Theorem 3.4; for p=—1
the two definitions are identical.

It is shown (loc. cit.) that if Cis an analytic Jordan curve and if f(2) is of
class L(p, 1) or L'(p, 1) on Cg according as p < —2 or p> —2, then there exist
polynomials 7,(2) which converge to f(z) on C with the degree of approxima-
tion 1/R"n?+1, Reciprocally, if there exist polynomials m,(z) which converge
to f(z) on C with the degree of approximation 1/R"»n?*?, then on Cr the
function f(2) is of class L(p, 1) or L'(p, 1) according as we have p< —2 or
p>-—12.

Thus the set of classes Z% admits of a natural extension to negative k; the
conclusion of Theorem 5.1 has previously been established [for example
Walsh and Sewell 1, §7] for the extended set of classes if C is a contour con-
sisting of a single Jordan curve, but without relating the classes to a condi-
tion of form (1.2). We proceed to indicate the properties expressed in Theorem
5.2 for the extended set of classes (k<0) where C is now no longer analytic.
A preliminary theorem is needed:

THEOREM 5.3. Let C be a Jordan curve in the z-plane; let z=x(w) map the
interior of v: Iw[ =1 onto the interior of C; suppose x'(w) is continuous and
different from zero on lw[ =<1. Let a family of mutually disjoint analytic Jordan
curves C(p) interior to C be defined for all values of p in an interval po=<p<p:
by an equation of the form C(p): |<I>(z)| =p, where ®(2) is analytic in a deleted
neighborhood of C interior to C, and is continuous in the closure of that neighbor-
hood with |<I>(z)] =p, on C, and where ®'(2) exists and is continuous and dif-
ferent from zero in the closure of that neighborhood. The function ®(z) need not
be single-valued provided |<I>(z)| is single-valued.

Then a necessary and sufficient condition that a function f(z) analytic interior
to C satisfy the inequality

(5.2) [7Ix(@)]] = Lot = [ w] ), s <0,
is that f(z) satisfy the inequality (po<p <p1)

(5.3) 1 /()| = L(pr — p)7, z on C(p),
where L is independent of p.

The essential content of Theorem 5.3 is merely that a condition of form
(5.3) is independent of the particular function ®(z) in terms of which the C(p)
are defined, under suitable continuity conditions on C and ®(z).

The function ®[x(w) ] is analytic in a deleted neighborhood of v interior to
v, and is continuous in the closure of that neighborhood with |<I>[x('w)]| =p;
on v; moreover d® [x(w) | /dw exists and is continuous and different from zero
in the closure of that neighborhood. Consequently it is sufficient to choose, as
we do, C identical with v, and the z and w-planes identical.
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Assume first (5.2) to be satisfied. Let p be given, po<p <p1; let W be the
point (or one of the points) on C(p) which is farthest from the origin; thus
C(p) lies in the closed region |w|<|W|. The inequality |f[x(w)]|
<Lo(1—|W/|)7 is valid on the circle |w| =| W|, hence is valid on C(p). By
the existence and continuity of ®'(w) it follows that ®(w) satisfies a Lip-
schitz condition of order unity in a closed neighborhood of C in C, so we have
for w in that closed neighborhood | ®(w) —®(W)| <L:|w— W|. We choose
now w= W; on the half-line from w=0 through W and on C, whence for p
sufficiently near p,

p—p=|leW)| —|eW) || | e(W) — &(W)]
SLi|Wy—W|=L(-r),

from which (5.3) follows.

Assume now (5.3) to be satisfied; let » be given (0<r<1), let the circle
|w| =7 lie in the neighborhood of C considered, and let p be max | ®(w)| on
the circle |w| =7; thus in some point W we have | ®(W)| =p, | W| =7. On the
circle |w| =7 we have |®(w)| <p, so |w| =7 lies in the closed interior of
C(p), and on iwl =7 we have (5.3). The function w=%(w) maps a deleted
neighborhood of C in a locally one-to-one manner onto a deleted neighbor-
hood of |w| =pi; the map is continuous and conformal in the closed region
involved. Thus the image of the deleted neighborhood of C covers at least
once a neighborhood of |w| =p;, since ®'(w) =0 on C. Let W, be the point
on C: |w| =1 and on the orthogonal trajectory through W of the curves
C(p), whence arg [®(W;)] =arg [®(W)]; thus |<I>(W2) —¢I>(W)] =p;—p. Since
®’(w) is bounded from zero we may write for  sufficiently near unity

1—7r<|Ws— W| = La(pr — p),

from which (5.2) follows.
Theorem 5.2 for the classes Z% is complemented by

THEOREM 5.4. Let C be a curve of Type B; let u(z) be defined in C. Let there
exist harmonic polynomials p.(3) such that

(5.4) | u(z) — pa(z)| < M/n***R*,  z0nC,R>1,p <O.

Set f(2) =u(2)+1v(z), where v(z) is conjugate to u(z). Then f(z) EL(p, 1) on
Crif pS—2and f(z)EL'(—1,1) on Crif p=—1.

We obtain from (5.4)
(5.5) | pas1(2) — pa() | < Mo/(n + 1)7+2R", zonC.

Let 2o be a point interior to C; set 7.(2) =p.(2) +1¢.(2), where g.(2) is conju-
gate to p.(2), ¢.(20) =v(20). From (5.5) we obtain [Walsh, Sewell, and Elliott
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1, Theorem 9.6] for z on C,, where p, is fixed with 1<po<R, and hence
[Walsh 1, p. 77] for z on C,, po<p,

(5.6) | Tas1(2) — 7a(2) | £ M1p™/(n + 1)P+2R;

here M, depends on po but not on p. The analyticity interior to C,, p <R, of
f(2) =m2(2) +Dmeg [Tap1—ma] is immediate.
If p<—2, it follows [cf. Sewell 1, p. 167] from (5.6) that |f(2)|
= M(R—p)?*, z on C,. Hence by Theorem 5.3, f(2) EL(p, 1) on Cg, p < —2.
If p=—1, we obtain from (5.6) and Theorem 4.2

| Tas1(2) — mn(3) | < Mi(o/R)"H, z on C,;

here as in the proof of (5.6) we may choose M3 independent of p. Hence (cf.
the proof of Theorem 8.3 [Walsh, Sewell, and Elliott 1])

[ 7@)] £ Mot M2 (o/R)™ < Mo/ (R — ), z on C,.
n=2
It now follows from Theorem 5.3 and the definition of L'(—1, 1) that f(2)
€L’(—1, 1) on Cg. The proof of Theorem 5.4 is complete.

The classes L'(—1, 1) and L(p, 1), p < —2, are extended to a set C con-
sisting of a finite number of mutually exterior Jordan curves precisely as were
the classes Z%.

The methods of proof of Theorems 5.2 and 5.4 [see Walsh 1, p. 77] yield

THEOREM 5.5. Let C consist of a finite number of mutually exterior Jordan
curves and let Cr be a contour. Let f(2) be defined in C, and let there exist poly-
nomials w,(2) such that

| f(3) — wa(3) | < M/n?+2Rn, s on .

Then on Cr we have f(z) EZ5 if p=0, f(e) EL'(—1, 1) if p=—1, fQ)EL(p, 1)
if p<—2.

For the special case that C is the unit circle, Theorems 5.1 and 5.2 can be
proved directly, by various methods. Theorems 5.1 and 5.2 do not explicitly
contain results on approximation on the line segment —1=<2z=<1, but such
results are easily established by methods previously devised [Walsh, Sewell,
and Elliott 1, Theorems 10.2 and 11.2]. We say that a function %(z) belongs
to the class Li(—1, 1) or Lg(k, 1) for k< —1 on an analytic Jordan curve C
if #(2) is harmonic interior to C and if the corresponding function f(2) =u(32)
+4v(z) analytic interior to C belongs to the corresponding class L’(—1, 1) or
L(k, 1) on C.

THEOREM 5.6. Let u(z) EZ* for k=0 or Ly(—1, 1) for k=—1 or Lu(k, 1)
for k< —1 on the ellipse Cr whose foci are 2=+ 1 and whose semi-sum of axes is
R(>1). Set f(2) =u(z) +iv(z), where v(z) s conjugate to u(z) in Cr. If P,(2) is
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the unique polynomsial in z of degree n which interpolates to f(2) in the n+1 roots
of the polynomial cos [(n+1) cos™! z], then

| (3) — Pu(z) | < M/n*+1R>, —1<z=51.

THEOREM 5.7. Let u(z) be defined on the interval —1=z=1, and let there
exist real polynomsials p,(2) in 2 such that (R>1)

| w(z) — paz) | < M/n*+2R", —1<z=1.

Then u(2) can be defined with u(z)=u(z) so as to be of class Z* for k=0 or
Ly(—1, 1) for k=—1, or Lu(k, 1) for k< —1 on the ellipse Cr whose foci are
+1 and whose semi-sum of axes is R.

In Theorem 5.7 of course the analytic function f(z) =u(z)+v(z), where
9(2) is conjugate to #(2) chosen as above, is of the class corresponding to that
of u(2) on Cg; the function v(2) satisfies the equation v(z) = —v(2).

On the interval —1<z=<1 we have

pa(2) = pu(2) = Xn: ozt = Z": aR[z*] = R[D ait], J[X auzt] = 0.
1 1

Thus on that interval we may interpret, p,(2) either as p.(x), or as the values
of the polynomial ,(z) = D_axz*, or as the values of the harmonic polynomial
pa(2) =R[ D ax 2*].
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